On the Lebesgue function of open coverings  by Semenov, Pavel V.
Topology and its Applications 107 (2000) 147–152
On the Lebesgue function of open coverings
Pavel V. Semenov
Department of Mathematics, Moscow City Pedagogical University, 2nd Sel’skokhozyaystvenny pr. 4,
Moscow 129226, Russia
Received 25 March 1999
Abstract
An approximation theorem for an upper semicontinuous mapping F from an arbitrary (not
necessarily ANR) metric space X is proved, under certain control on degree of nonconvexity of
values F(x), x ∈ X. The proof uses a generalization of the lemma on the Lebesgue number of a
covering for the noncompact case. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Coverings
Denote byD(m, r) (respectivelyD[m,r]) the open (respectively closed) ball of radius r
centered at a point m ∈M of a metric space (M,d). Let us formulate the lemma on the
Lebesgue number of a covering as follows:
Lemma 1. For each open covering {Ux}x∈X, x ∈ Ux , of a metric compact space X there
exists l > 0 with the following property: for every x ∈ X there exists z ∈ X such that
D(x, l)⊂Uz.
Question 2. Does Lemma 1 hold if the last inclusion is replaced with the double inclusion
z ∈D(x, l)⊂Uz?
If l increases, then the left inclusion is preserved but the right one tends to fail. For
decreasing l, the situation is symmetric. In fact, Question 2 is answered in the negative.
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Example. Let X = [0,1] be endowed with the usual metric and Ux =D(x, ε(x)), where
ε(0)= ε(1)= 1, ε(2−n)= 2−n−2, and for x ∈ (2−n−1,2−n) let
ε(x)=min{x − 2−n−1,2−n − x}.
Pick, for example, l ∈ (1/4,1/2]. Set x = 1/2 and consider the inclusion z ∈D(x, l)⊂Uz.
The point x = 1/2 is covered exactly by three elements of the given covering. Namely,
z ∈ {0,1,1/2}. But the first two cases are impossible because z /∈ D(1/2, l), and in the
third case D(1/2, l) is not a subset of Uz =D(1/2, ε(1/2)) because l > ε(1/2). The cases
l ∈ (2−n−1,2−n] can be considered similarly.
In spite of this, some analogue of Lemma 1 holds for arbitrary metric spaces with a
lower semicontinuous function l :X→ (0,∞) used instead of the Lebesgue number.
Lemma 3. For each open covering {Ux}x∈X, x ∈ Ux , of a metric space X and for each
ε > 0 there exists a lower semicontinuous function l :X→ (0, ε/2] with the following
property: for every x ∈X there exists z ∈X such that z ∈D(x, l(x))⊂Uz.
Proof. We temporarily say that a pair (z, δ) ∈ X × (0, λ) “occupies” a point x ∈ X
whenever
(1x) d(x, z) < δ/2 and
(2x) D(x, δ′)⊂Uz for some δ′ > δ.
Each point x ∈X is “occupied” by the pair (x, δ) for all sufficiently small δ > 0, due to
the openness of Ux . Hence, the following function l :x 7→ l(x) is well-defined:
2l(x)= sup{δ ∈ (0, ε) | for some z the pair (z, δ) “occupies” the point x}.
We claim that l(·) is a lower semicontinuous function. Let l(x) > a at a point x ∈ X.
Then for some δ0 ∈ (2a,2l(x)] and for some z ∈X the pair (z, δ0) “occupies” x . Hence,
d(x, z) < δ0/2 and there exists δ1 > δ0 such that D(x, δ1)⊂Uz.
One can easily check that for all sufficiently small σ and for δ2 in some neighborhood
of δ0 the pair (z, δ2) “occupies” each point of the ball D(x,σ). Briefly, a pair
“occupying” x always “occupies” neighbors of x . Indeed, one can put 4σ = δ1 − δ0 and
2δ2 = δ0+ δ1. Thus 2l(y)> δ2 and 2l(y) > 2a for all such y , i.e., the function l(·) is lower
semicontinuous at x .
Next, let us pick x ∈ X and check that z ∈ D(x, l(x)) ⊂ Uz for some z ∈ X. By the
definition of l, there exist δ ∈ (l(x),2l(x)] and a point z ∈ X such that the pair (z, δ)
“occupies” x . Thus, by property (1x) we have d(x, z) < δ/2 6 lx , or z ∈ D(x, l(x)). On
the other hand, D(x, l(x))⊂D(x, δ), and from property (2x ) we obtain
D
(
x, l(x)
)⊂D(x, δ)⊂D(x, δ′)⊂Uz. 2
The function l(·) defined above in general is not upper semicontinuous. Maybe other
ideas will give a way for finding continuous function l(·) with the property from Lemma 3.
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2. Applications to the approximation problem
Lemma 3 is general topology’s ingredient of the proof of our main result, see Theorem 6
below. Now we pass to geometry. For a nonempty subset P ⊂ Y of a normed space Y
and for an open r-ball Dr ⊂ Y we define the relative precision of approximation of P by
elements of Dr as follows:
δ(P,Dr )= sup
{
dist(q,P )/r | q ∈ conv(P ∩Dr)
}
.
For a nonempty subset P ⊂ Y of a normed space Y the function αP (·) of nonconvexity
of P assigns the following nonnegative number to each positive number r:
αP (r)= sup
{
δ(P,Dr) |Dr is an open r-ball
}
.
Clearly, the identical equality αP (·) ≡ 0 is equivalent to the convexity of the closed
set P . Following Michael [5], we say that the closed set P is q-paraconvex whenever the
number q majorizes the function αP (·); and P is paraconvex if it is q-paraconvex for some
q < 1. Small perturbations (in the sense of the Hausdorff metric in exp(Y )) of a paraconvex
set P give, in general, nonparaconvex sets. To remedy such instability, we introduce the
following notion. For ε > 0 and q ∈ [0,1), a subset P of a normed space Y is said to be
q-paraconvex with precision ε if αP (r)6 q for all r > ε.
So, the following stability property holds for paraconvexity with prescribed positive
precision. Below the inequality Hausd(P,Q) < λ means that P ⊂ D(Q,λ) and Q ⊂
D(P,λ).
Proposition 4. For every normed space Y , every q ∈ [0,1), ε > 0, p ∈ (q,1) there exists
λ ∈ (0, ε) such that for every q-paraconvex with precision ε subset P ⊂ Y and for every
Q⊂ Y with Hausd(P,Q) < λ the subset Q is p-paraconvex with precision ε.
Proof. Let us show that λ= ε ·(p−q)/6 is as required. Let r > ε and suppose that an open
ball Dr meets Q. For y ∈ conv{y1, . . . , yn}, yi ∈Dr ∩Q, one can choose zi ∈Dr+λ ∩ P
with dist(yi, zi) < λ, whereDr+λ is the ball concentric withDr . By virtue of the convexity
of λ-balls, there exists z ∈ conv{z1, . . . , zn} with dist(z, y) < λ. Thus,
dist(z,P )6 αP (r + λ) · (r + λ)6 q · (r + λ) < q ′ · (r + λ), q ′ = p+ q2 .
Pick z0 ∈ P with dist(z, z0) < q ′ · (r+λ) and choose y0 ∈Q with dist(z0, y0) < λ. Then
dist(y,Q)6 dist(y, y0)
6 dist(y, z)+ dist(z, z0)+ dist(z0, y0)
< 2λ+ q ′ · (r + λ).
To finish the proof, it suffices to verify that 2λ + q ′ · (r + λ) < p · r , or, equivalently,
λ · (2+ q ′) < (p− q ′) · r , or
λ < r · p− q
′
2+ q ′ = r ·
p− q
4+ p+ q .
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Indeed, we have
λ= ε · p− q
6
< ε · p− q
4+ p+ q < r ·
p− q
4+ p+ q . 2
Our third ingredient is related to the selection theory of multivalued mappings. Recall
that a multivalued mapping F :X→ Y is called upper semicontinuous (respectively lower
semicontinuous) if for each open U ⊂ Y its small (respectively full) preimage, i.e., the
set F−1(U) = {x ∈ X | F(x) ⊂ U} (respectively F−1(U) = {x ∈ X | F(x) ∩ U 6= ∅}),
is open in X. A typical example of a u.s.c. (respectively l.s.c.) mapping is the inverse
mapping to a continuous surjection between compact spaces (to an open surjection between
topological spaces). Recall also that a single-valued mapping f :X → Y is called a
selection (respectively ε-selection) of a multivalued mapping F :X→ Y if f (x) ∈ F(x)
(respectively dist(f (x),F (x)) < ε) for all x ∈X.
By a natural infinite process of improvements of ε-selections, in [5] it was proved that
a lower semicontinuous q-paraconvex multivalued mapping from a paracompact domain
into a Banach space admits a continuous single-valued selection, q < 1. For a possible
substitution of a constant by a suitable function α(·), see [6,7].
Proposition 5. Let ε > 0, p ∈ [0,1), and let G :X→ Y be an l.s.c. mapping from a
paracompact space into a normed space. Then for each ε′ > ε the mapping G admits a
continuous single-valued ε′-selection whenever each valueG(x), x ∈X, is a p-paraconvex
with precision ε subset of Y and sup{diamG(x) | x ∈X}<∞.
Proof. LetB be the completion of Y . Clearly, there exists a continuous mapping v :B→ Y
such that dist(b, v(b)) < ε′ − ε. So, it suffices to find an ε-selection g :X→ B and then
consider the superposition v ◦ g :X→ Y .
Consider the mapping Cl(conv)(G) :X → B and use the classical convex-valued
Michael selection theorem. So, we find an R-selection g0 :X→ B of G for some R > 0.
If R 6 ε, then g = g0. Otherwise, one can use p-paraconvexity of valuesG(x)⊂ B with
precision ε. Namely, if
G1(x)= Cl(conv)
{
G(x)∩D(g0(x),R)
}
,
then the Michael selection theorem can be applied to the mapping G1. Hence, for a
selection g1 of G1 we have
dist
(
g1(x),G(x)
)
6 αG(x)(R) ·R < p′ ·R
for some p′ ∈ (p,1). Thus, g1 is a p′R-selection of G.
If p′R 6 ε, then g = g1. Otherwise, one can repeat the above procedure. After N steps
we find an ε-selection gN :X→ B of G. 2
Our final statement is the following approximation theorem for u.s.c. paraconvex-valued
mappings. Recall that a single-valued mapping f :X→ Y is said to be an ε-approximation
of a given multivalued mapping F :X→ Y if the graph Γf lies in the ε× ε neighborhood
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of the graph ΓF . A multivalued mapping is said to be approximable if it admits ε-
approximations for all ε > 0.
Theorem 6. Let q ∈ [0,1) and F :X→ Y be a u.s.c. mapping from a metric space into
a normed space. Suppose that all values F(x), x ∈X, are q-paraconvex in Y . Then F is
approximable.
There are various positive solutions of the approximation problem, see, for example,
recent papers [4,8]. But all of them are related either to finite-dimensional domains or
to domains which are approximable (in different senses) by polyhedra. ANR-compacta
give typical examples. On the other hand, for arbitrary infinite-dimensional domains
(even in the compact case) there is no purely topological solution of the approximation
problem. Namely, an approximatively invertible cell-like surjection between compacta
does not increase the Lebesgue dimension [2], but the famous Dranishnikov example
shows that there exists a cell-like surjection f from a finite-dimensional compactum
onto an infinite-dimensional compactum [3]. Hence, F = f−1 gives an example of a
nonapproximable u.s.c. mapping with maximally nice (from the topological viewpoint)
values. For arbitrary domains, practically only one positive result (or its variations) is
known; this is the so-called Cellina’s approximation theorem for convex-valued u.s.c.
mappings [1]. So, Theorem 6 is a nonconvex-valued analog of this approximation theorem;
and it is formulated in metric and convexity type terms because of the fundamental absence
of a topological answer. In the partial case α(·) ≡ 0, the proof of Theorem 6 gives a new
proof of Cellina’s theorem. Clearly, f is an ε-approximation of F iff f is a selection
of double ε-enlargement Fε :x 7→ DY (F(DX(x, ε)), ε). The last fact has been observed
by many authors, but there have been no information about topological or convexity-
like properties of values of such enlargement. So, the selection theory cannot be applied
directly. In spite of this trouble, we, in fact, elaborate exactly such approach.
Proof of Theorem 6. By Proposition 4, for a given q ∈ [0,1) and ε/2> 0 pick p ∈ (q,1)
and choose corresponding λ ∈ (0, ε/2). Consider the covering {F−1(D(F(x),λ))}x∈X of
the domain X and, by Lemma 3, find a suitable l.s.c. function l :X→ (0, ε/2]. Then the
mapping G :x 7→G(x)= F(D(x, l(x))), x ∈X, is an l.s.c. multivalued mapping, and for
each x ∈X there exists z ∈X such that
z ∈D(x, l(x))⊂ F−1(D(F(z), λ)),
and hence
F(z)⊂ F (D(x, l(x)))=G(x)⊂D(F(z), λ).
Therefore, Hausd(F (z),G(x)) < λ, i.e., all values of the mapping G are p-paraconvex
with precision ε/2 subsets of Y due to Proposition 4. By Proposition 5, the mapping G
admits an ε-selection f whenever sup{diamG(x) | x ∈ X} <∞. So, dist(f (x),G(x))=
dist(f (x),F (D(x, l(x)))) < ε and l(x) < ε. Hence, each point (x, f (x)) ∈ Γf is ε × ε-
close to some point (x ′, y ′) ∈ ΓF , i.e., f is a needed approximation of F .
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In the case sup{diamG(x) | x ∈ X} = ∞ the proof is much more difficult. Briefly, in
such situation we work not with metric but with hyperbolic-like neighborhoods of values
F(x), x ∈ X. An ε-selection of the mapping G is extended here step by step over closed
subsetsAn of the preimagesXn =G−1(D(θ,n))⊂X of open balls centered at the origin θ
of the Banach space B; A1 ⊂A2 ⊂A3 ⊂ · · · , ⋃An =X. 2
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